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We study the wave scattering in an one-dimensional discrete system with two side-coupled defects. Each of
the defects exhibits the Fano resonance as a resonant suppression of transmission, i.e., resonant reflection. We
demonstrate that the interaction between two Fano resonances may give rise to a birth of a very narrow
resonance. This effect may be understood in terms of the overlapping resonances, as suggested by Feshbach
�Ann. Phys. 5, 357 �1958��. We consider two cases, when the defects are coupled either locally or nonlocally
to the discrete array. In the latter case, a sharp asymmetric resonance appears with a large quality factor. We
demonstrate that by introducing a nonlinearity at side-coupled defects a closed loop in the nonlinear transmis-
sion coefficient may appear, which results in bistable response.
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I. INTRODUCTION

The Fano resonance is widely known across various
branches of physics. Its main peculiarity is the resonant sup-
pression of the transmission, which was for the first time
observed by Wood in the spectrum of light resolved by op-
tical diffraction grating back in 1902 �1�, but was not ex-
plained properly at that time and is known as Wood’s
anomaly �2�. Only 60 years later Fano gave an explanation
of similar phenomena in quantum physics in terms of con-
structive and destructive interferences �3�. When these inter-
ferences take place close to each other, the formation of a
sharp asymmetric response occurs. Fano has also suggested
the simplest model, which supports such kind of asymmetric
response, namely, he has considered a situation when a de-
generated discrete state is coupled to a continuum �3�. This
model can be described by a one-dimensional system with a
side-coupled defect �4�. One of the advantages of this model
is that it can be solved analytically, and, therefore, can help
to shed a light on the origin of the phenomenon. Indeed, such
a simple model has been successfully applied to explain the
appearance of the Fano resonance in rather complex systems.
In particular, the light absorption by atomic systems �3�, the
Aharonov-Bohm interferometer �5,6�, quantum dots �7–9�,
light propagation in a variety of photonic circuits �10–17�,
phonon scattering by time-periodic scattering potentials
�18–20�, scattering of atoms in Bose-Einstein condensate in
optical lattices �21–23�, and many others.

Recently, it was demonstrated that in some nonlinear op-
tical systems �24–28� light propagation exhibits the so-called
nonlinear Fano resonances �4�, where the transmission van-
ishes for certain values of the input power. Moreover, the
nonlinearity may provide with the bistable response of the
system. The main advantage of the nonlinear Fano resonance
is a possibility to achieve the bistable transmission at very
low input powers, due to a large quality factor of the reso-
nance, which has been successfully demonstrated in terms of
all-optical switching operation in photonic crystal circuits
�14–17�.

The aim of this paper is to study the interaction of two
Fano resonances, based on this simple model with two side-
coupled defects. It is known, that at the Fano resonance there
is a �-jump of the phase of the scattering wave, leading to
complete destructive interference, and, therefore, to total
suppression of the transmission �4�. When two Fano reso-
nances are located very close to each other, two �-jumps
should happen one after another. We demonstrate, that in this
case the phase cancelation may occur resulting in construc-
tive interference condition, giving rise to a birth of total reso-
nant transmission. The similar phenomenon of overlapping
resonances was studied by Feshbach �29,30�, so we call such
kind of resonances as Fano-Feshbach resonances. We con-
sider two different cases, when two defects are coupled ei-
ther locally �to one site�, or nonlocally �to two sites� in the
discrete array, and study the role of nonlocality. Our results
suggest that the nonlocal case is much more attractive for
possible applications, since it may provide with much nar-
rower resonances than the local case for the same param-
eters. As a next step, we consider the nonlinear response of
the system, by introducing a Kerr type of nonlinearity to one
of the side-coupled defects. We demonstrate that in this case
the dependence of the nonlinear transmission coefficient on
input power exhibits the nonlinear Fano-Feshbach resonance,
when the transmission changes from zero to one, and vice
versa. One of the peculiarities of this kind of nonlinear trans-
mission is the presence of a closed loop responsible for bi-
stability.

The paper is organized as follows. In Sec. II the local
coupling case is considered. The nonlocal coupling case is
studied in Sec. III, first in the linear regime �Sec. III A� and
then in the nonlinear regime �Sec. III B�. Section IV con-
cludes the paper.

II. LOCAL COUPLING

One of the simplest models, which exhibits the Fano reso-
nances is a one-dimensional discrete chain with one side-
coupled defect �4�. In order to study the interaction of two
Fano resonances, we generalize this model by introducing
the second defect �31�.*aem124@rsphysse.anu.edu.au
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We start our analysis by considering the local coupling
regime, where two defects are coupled only to one site of the
discrete array

�q�n = �n−1 + �n+1 + �V��� + V�����n0�0,

�q�� = E��� + V��0,

�q�� = E��� + V��0, �1�

where �q=2 cos q is the dispersion of the system, and use
the following boundary conditions:

�n = �Ieiqn + re−iqn, n � 0,

teiqn, n 	 0,
� �2�

for the scattering problem �Fig. 1�.
It is known that for single side-coupled defect, i.e., when

either V�=0 or V�=0, the system �1� exhibits a single Fano
resonance �3�, where the total transmission T= �t / I�2 vanishes
exactly at the eigenfrequency of one of the side-coupled de-
fect T��q=E�,��=0 �4� �see Fig. 2�a��. This resonance origi-
nates from the destructive interference of the incoming wave
and resonantly excited radiation of the side-coupled defect.
Figure 2�b� indicates �-jump of the phase of the scattering
wave, 
=arg t, at the resonance, leading to the total destruc-
tive interference.

In the case of two side-coupled defects �V��0 and V�

�0�, the transmission coefficient can be easily found ana-
lytically by substituting ��=V��0 / ��q−E�� and ��

=V��0 / ��q−E�� into the first equation in �1�, and using the
general transfer matrix approach �4�

T =
4 sin2 q���

2���
2

4 sin2 q���
2���

2 + �V�
2��� + V�

2����2 , �3�

where ���=�q−E� and ���=�q−E�.
One can see, that in this case the transmission coefficient

�3� vanishes exactly at two frequencies ���,�=0, which cor-
respond to eigenfrequencies of side-coupled defects �q

T=0

=E�,�. In addition to that, there is a perfect transmission
between these two total reflections �see Fig. 2�c��

�q
T=1 = �V�

2E� + V�
2E��/�V�

2 + V�
2� . �4�

It appears as a result of interaction of two overlapping Fano
resonances, where the distance between resonances is
smaller then their width, due to two subsequent �-jumps of
the scattering phase with an intermediate zero value 
=0
�see Fig. 2�d��. It leads to constructive interference condition
for incoming and scattered waves, given rise to an addition
total transmission resonance. The width of this resonance
depends on the distance between two Fano resonances ��
= ��q

T=1−�q
T=0���E�−E��, and may become extremely small

���0 if E��E�. The similar results were first derived by
Feshbach �29,30�, in application to generic overlapping �or
interacting� resonances, which allows us to call them as the
Fano-Feshbach resonances in this case. Some examples of
this kind of resonance are the electromagnetically induced
transparency, in various atomic and optical systems �32–35�,
phase-coherent electron transport in open quantum systems,
consisting of nanowire and two side-coupled quantum dots
�36�, electronic waveguide with two symmetrically attached
stubs �37�, etc.

III. NONLOCAL COUPLING

As a next step of our study, we will consider the nonlocal
coupling regime, where two side-coupled defects are coupled
to two nearest sites of the one-dimensional discrete array
�see Fig. 1�b��. As we have shown in Ref. �4�, the nonlocal
coupling, in general, leads to renormalization of the position
of the Fano resonances �q

T=0�E�,�. In this section we will
investigate how resonances will be shifted, and how it will
affect their interaction. First, we will consider the linear re-
gime, where the transmission coefficient can be still found
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FIG. 1. �Color online� Schematical view of a one-dimensional
discrete system with two �a� local and �b� nonlocal side-coupled
defects.

FIG. 2. �Color online� �a� Transmission coefficients T, and �b�
scattering phases 
=arg t for single side-coupled defect for two
cases: �i� V�=0.2 and V�=0 �red curve, I�, and �ii� V�=0 and V�

=0.2 �blue curve, II�. �c� Transmission coefficient and �d� scattering
phase of two interacting resonances V�=V�=0.2 �black curve�. The
eigenfrequencies of side-coupled defects are E�=−E�=0.01.
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analytically. Then, we will add a nonlinearity to one of the
side-coupled defects, and study the nonlinear transmission.

A. Linear regime

The model with nonlocal couplings to two nearest sites
n=0,1 can be written as follows:

�q�n = �n−1 + �n+1 + 	
m=0,1

�V�
m�� + V�

m����nm,

�q�� = E��� + V�
0�0 + V�

1�1,

�q�� = E��� + V�
0�0 + V�

1�1. �5�

The general expressions for transmission and reflection
coefficients are quite cumbersome. So, we will present them
here only for a symmetric case, where we assume that cou-
plings to both sites are equal V�
V�

0 =V�
1 and V�
V�

0 =V�
1 ,

T = � �eiq − 1��a + b�
�1 − e−iq�a + 2b

�2

, R = � �1 + eiq�b
�1 − e−iq�a + 2b

�2

. �6�

where a= ��q−E����q−E��, and b= �V�
2 +V�

2��q−V�
2E�

−V�
2E�.

From Eq. �6� one can formally derive conditions for per-
fect reflection a+b=0 �T=0�, and perfect transmission b=0
�R=0�. Note here, that both conditions become nearly iden-
tical when a�0, i.e., �q�E�,�. As a result, one may expect
the appearance of the extremely narrow asymmetric reso-
nances near side-coupled defects eigenfrequencies, where the
total transmission and total reflections will be located very
close to each other.

The condition for total transmission b=0 gives us the
same expression as in the case of local coupling regime Eq.
�4�, which means that there is no shift of the resonant trans-
mission due to nonlocality. Note here, that there is one more
additional condition for perfect transmission �R=0� in Eq.
�6�, which is 1+eiq=0, or simply q=�. In this case, the
incoming wave has the staggered form �n= �−1�n. As a re-
sult, in the symmetric coupling case V�,�

0 =V�,�
1 the equations

for side-coupled defects ��,� Eq. �5� become effectively de-
coupled from the discrete system, since �0+�1=0, resulting
in fully transparent system without any defects.

The condition for perfect reflection a+b=0 �T=0� gives
us, in general, two solutions

�q
T=0 = −

V�
2 + V�

2 − E� − E�  ��V�
2 + V�

2�2 + �E� − E���2V�
2 − 2V�

2 + E� − E��
2

. �7�

For a particular realistic situation, it will be useful to con-
sider the situation of equal coupling coefficients V
V�

=V�, which will drastically simplify the expressions for total
transmission �4�,

�q
T=1 =

E� + E�

2
, �8�

and total reflections �7�

�q
T=0 = −

2V2 − E� − E�  ��4V4 + �E� − E��2�
2

. �9�

The typical profile of the transmission coefficient in the
nonlocal regime is shown on Fig. 3�a�, where there are two
resonant reflections and one resonant transmission in be-
tween. Due to renormalization, the total transmission is
much closer to one of the total reflection, forming the single
sharp asymmetric Fano resonance �3,4�. For this type of
asymmetric resonance one can calculate its width as follows:

�� = ��q
T=1 − �q

T=0� = �V2 − �V4 + ��E�2/4� , �10�

where �E=E�−E�. The width of the resonance become ex-
tremely small ���1, when two side-coupled defects are
nearly identical E��E�. This behavior is similar to the local
coupling regime, except that there is second much wider and
well separated total reflection resonance �see Fig. 3�. Re-

markably, in the situation of two identical side-coupled de-
fects E�=E� the sharp asymmetric resonance disappears
since �q

T=1=�q
T=0 �17�. In the literature such a situation is

often associated with the appearance of the bound state in the
continuum �36,38�, first proposed by von Neumann and
Wigner �39�.

Figure 4 illustrates how the renormalization happens as
we increase the degree of nonlocality �=V�,�

1 /V�,�
0 from zero

to one. It can be clearly seen, that the total transmission does
not shift at all, while the total reflections do change their
positions. Initially symmetric distribution of resonances be-
comes asymmetric, where one of the total reflections moves
away and another approaches very closely the total transmis-
sion, resulting in a sharp asymmetric resonance. This figure
suggests that for the same parameters the nonlocal coupling
regime provides the narrower resonance, i.e., with larger
quality factor, compared to the local coupling regime. It
makes the nonlocal regime more attractive for possible ap-
plications.

B. Nonlinear resonances

It is possible to obtain the analytical expressions for ex-
citation of the side-coupled defects
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�� = −
2ieiq sin qV����

�1 − e−iq�a + 2b
,

�� = −
2ieiq sin qV����

�1 − e−iq�a + 2b
. �11�

Figure 3�b� clearly indicates that near the sharp asymmetric
resonance both side-coupled defects are highly excited. If
now we add a nonlinearity, one may expect the appearance
of nonlinear effects at very low input powers. For sake of

simplicity we first add a Kerr type of nonlinearity to one
side-coupled defect only in Eq. �5�, say ��,

�q�� = E��� + �����2�� + V���0 + �1� , �12�

where � is the nonlinear coefficient.
Some typical nonlinear transmission profiles are shown in

Fig. 5, where both resonant transmission and resonant reflec-
tion can be observed on the same curves. The variation of the
transmission from zero to one is the intrinsic characteristic of
the nonlinear Fano-Feshbach resonance. It can be very useful
in some realistic applications, for example, in all-optical
switchings in photonic crystals �17�. This figure also illus-
trates one of the peculiarities of this type of resonance
namely, the formation of a closed loop, which results in the
bistable transmission. This feature is quite unique for this
type of resonance. Since we have chosen the frequencies of
the incoming wave in the vicinity of the sharp asymmetric
resonance, the threshold power is very low, orders of 10−5.

We have also considered the situation when the nonlinear-
ity was added to both side-coupled defect. In general, the
situation does not change much, but the nonlinear transmis-
sion coefficient becomes even more complicated with
double- and triple-folded closed loops. It makes it a bit
harder to read the data, and they are not shown here.

IV. CONCLUSIONS

We have studied interaction of two Fano resonances using
a simple one-dimensional model with two side-coupled de-
fects. Each side-coupled defect leads to appearance of a
single Fano resonance in the form of resonant suppression of
transmission. The presence of two nearly identical defects
leads to the interaction of two closely located Fano reso-
nances, resulting in the total transmission resonance, due to
the phase cancelation. We have considered two different
cases of local and nonlocal coupling, and demonstrated that
the latter case provides with a sharp asymmetric resonance of
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larger quality factor than the former case for the same pa-
rameters. By adding a nonlinearity to one of the defects, it is
possible to achieve a bistable response at very low input
powers with a closed loop in the nonlinear transmission
curve.
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